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1. INTRODUCTION

Suppose u is a positive probability measure on a compact set on the real
line, that is, x is a positive Borel measure with | du=1. Then there is a
unique sequence of polynomials

pax)=k,x"+ -, k,>0 (nezZ, ={0,1,..})

such that
[ Pul) o) ) =6, (mneZ.)

These orthonormal polynomials satisfy a three-term recurrence relation

xpn(x):an+]pn+l(x)+bnpn(x)+anpn—l(x) (n€Z+) (11)

with the initial conditions

p,](X)=0, pO(x):L (1020, (12)

where a,  ,=k,/k,, >0 and b, eR.

Conversely, by Favard’s Theorem, if the polynomials p,(x) are given by
the recurrence formula (1.1) with a, ., >0 and b, € R, then there exists a
positive Boreal measure u such that {p,} (n€Z ) is an orthonormal poly-
nomial system with respect to the measure u. If @, and b, are bounded,
then the measure x4 is unique and the support of ¢ is compact.
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The following result (Trace Formula) establishes the connection between
Jacobi matrices

and their spectral measures.

THeOREM 1 [8, 14] (see also [16]). If Supp(u)=[—1,1] and if the
recursion coefficients {a, .} and {b,} satisfy

lim =%, lim b,=0 (13)
and
§0<|an+l—an|+|bn+l—bn|><oo, (14)
then .
S (@2 —a2) P2+l — by 1) por() po()] = VA
n=0 2 w'(x)

holds uniformly on all compact sets in (—1, 1). In addition, the measure u is
absolutely continuous in the open interval (—1, 1), u'(x) >0 forall xe (—1, 1),
and p'(x) is continuous in (—1, 1).

Given two periodic sequences {a.,,} (a.,,>0) and {b)} (b’ eR)
(neZ,) with period N>=1, the Jacobi matrix J is called asymptotically

N-periodic (J€ APy), if
lim [|a,—a’|+1|b,—b2|1=0. (1.5)

n— oo

In a survey [16] P. Nevai has posed the following problem: Extend the Trace
Formula to asymptotically N-periodic Jacobi matrices. We investigate this
problem for the case N =2.

2. REPRESENTATIONS OF THE KERNELS

We assume that two periodic sequences a°, >0 and b0 (neZ,) are
given such that

0

a, ,=ad (n=1,2,.), b ,=b2 (n=0,1,2,..)
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(ie., period N=2), and that the recurrence coefficients a, , and b,
satisfy (1.5). We will write Je€ AP,.

Denote the orthonormal polynomials with periodic recurrence coefficients
ay. , and b? by ¢,(x). Then

xXq(X)=day, g, 1(X)+b0g,(x)+atg, (X) (nez,)
q*l(x) 0, q()(X)=1

Let
1 a3
() =3 | a0 % . 1)

The essential spectrum of the polynomials ¢,,(x), resp. p,(x), consists of two
intervals E, where E={xeR, —1<T(x)<1}. The set E is of the form

aba;ﬁﬁg“t}u[“;ﬂﬂﬂ;“,ﬁ] for some 0< <1,

or in other words, if —1, 1 is the smallest and largest boundary point of £
(this can be obtained easily by a linear transformation of ¢,(x) resp. p,(x))
then E is of the form

E=[—-1,—t]ult 1] for some 0 << 1.

These facts follow from [ 20, 21]. The special case when the intervals touch
each other (the set {7%(x)=1} consists of the endpoints of the intervals)
leads to sieved orthogonal polynomials (see details in [ 1, 9-11, 21]).

LemMmA 1. If Je AP,, then the following recurrence relation is valid,

( )pn( ) n+2pn+2( )+ﬁn+]pn+l(x)+ynpn(x)
+ﬂnpn71(x)+(xnpn72(x) (nEZ+) (22)

with boundary conditions

p_»(x)=0, p_(x)=0, ag=a, =0, Bo=0, (2.3)
where
s(x) =2aa3 T(x) = (x — bg)(x — bY) — (a)* — (a3)*
%y 2=y 1dysas  Pu=a,(b, +b,—by—Db]) (24)
Yw=dytan . —(a))* —(a3)* + (b, — bg)(b,—bY)
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with

lim o,=a%a3, lim 8,=0, lim y,=0. (2.5)

n— oo n— oo n— oo

In fact, Lemma 1 follows from the definition of AP, and the five-term
recurrence relation

xzpn(x) =an+la}1+2pn+2(x) +a}1+1(bn+bn+l) p}1+1(x)
+(ai+ai+l +bi) pn(x) +an(bn71 +bn) pnfl(x)
+anan71pn72(x)

by a direct computation.

LEMMA 2. Let Je AP,. Then for the Dirichlet kernel

Dn(t’ x) = Z pk(l) pk(x)

k=0

the representation

[s(1) =s(x)]1 D,(t, X) =, o[ Py 4 2(2) Pu(X) = Pu(E) Py 2(X)]
0, 1L 2w 1 (1) Py 1 (X) = P 1 (8) Py ()]
Bu il Pni (1) Pu(X) = pu(t) ppii(x)] (2.6)
holds. Here s(x), ., 3, are defined by (2.4).
In fact, formula (2.6) follows from (2.2) and (2.3) by straightforward

calculations.

LemMma 3. If J€ AP,, then the following representation of the Fejér kernel,

1

Frz(tax):n+1
k

S Dl ),

is valid

(n+1)[s(1) —s(x)]> F,(t, x)
=&t x)+E(x, 1)+ G, (1, x)+ G, (x, 1), (2.7)
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where

G,(t, x) =0 [ pult) pulX) = Puia(t) Puia(X)]
= 2[5 P, (1) PuX) + 051 Py (DD 1(X)]
0, 4 2%, 4 4Py all) Pu(X) + 200, 10, 3P, 4 5(1) Py 1(X)
0,0 2Py 2(1) P o(X) + %, 0Py 2= 70) Paya(1) Polx)
=B 1P () Py (X) (a3 + 03 Bui ) Puss(t) Pu(X)
+ 20, 1 Bui2Pui2(8) Py i(X)+ By 1 By 2Pui2(1) Pu(X)
(% 2B 2= 20, 1 ) Pui (1) polx)
=%y 2B 1 Pui2() Pui i (X) = 2B 1 Pui1(8) Py a(X)
=%, 1 B D(1) Py () (2.8)

and

(1, X)ZZ"Z (a7 o —7) palt) pu(x)+ Y, (Bisy—B7) palt) pulx)

k=0 k=

n—1

+2 ) o o(Par2— %) Pria() pr(x)

k=0
n—2

+ Z (0 2 Brv3 =% 3Bri1) Presa(2) pr(X)
k=0

1

+2 (02 Brvo— %1 Br) Prc1(t) pal(x)

k=0

+ Y B i(Prsr = 70) Prcia(t) pa(x)

k=0

Y (a2 ) D) i a(), (29)

k=0
where a,, f,, v, are defined by (2.4).
Proof. By formula (2.6) one has

(n+ Ds(1) = s(x)12 F,(t, x) = (1, x) + {(x, 1), (2.10)

where

Gt x)= ) Ou(t,x) (2.11)
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with

0,2, x) =0 1 58(2) preyo(1) pr(X) + oy 1 8(2) Prci1() pr—1(X)
+ i 15(8) i 1(2) pr(X) — 0 2P 1 o(1) S(X) pr(X)

— 1 Pre1(2) 8(X) pre—1(X) = Bry1 Pic+1(2) 5(x) pr(x).

The recurrence relation (2.2) yields

O, X) =0 20 4 aPr 1 4(8) PilX) + 0 2B 3 Pie 1 3(8) il X)
0 2V k2 Pk 2(8) Pe(X) + 0 2 fr 2 Pic1(2) pilX)
0 42 Pilt) Pil) F te 103 Prc3(8) Prc—1(X)
0 1 Brer2Pie+2(8) Pic—1(X) + 01 Vi1 P 1 (1) Pre—1(X)
+ e 1 B 1 Pil0) Pre—1(X) + oy 3B 1 Pic 1 3(2) prlx)
+Bri 1 Pri2Prs2(t) PilX) + B i1 Vic 41 Pic1(2) prlx)
+ B3 1 P 0) Pr(X) %1 Bres 1 Pre—a(2) pal)
— 0% 2 P 2(1) Pria(X) = 2B i1 Picso(1) Prcir(x)
— 42V i Prc+2(1) Pi(X) — e 2 Bic Prc 1 2(1) prc—1(x)
— 2P 1 P r(8) Prcso(X) = By Prci1(0) Presa(X)
= Bres 17k Pr+1(8) PrlX) = 0 4 20 P 4 o(1) P ()
— 0%y Prest(8) Prora(X) =0 1 Pre 1 (8) pre—s(X)
=B 1 BiPi () P 1(X) = Bre 1 Pre i1 (8) pr—o(x)
= 1 BrPrcs1(8) Pr(X) = 1V~ 1 Prcs1(8) Pre—1(X)

— ot 1 B P 1 (8) i o(x) o pe (1) pra(X).

For the calculation of {, (¢, x) we regroup similar terms of the last relation.
Then {,(t, x) can be representated in the form

Lt x)=) a1, x), (2.12)
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where

oi(t,x)=) ap oput) p(x)+ Y, af P (1) pr_ai(x)

k=0 k=0

- Z O‘i+2pk+2([) Prc+2(X) — Z o‘lzc+1pk+1(l) Pr+1(X)
k=0 k=0

+ z ﬁk+1pk 1) pi(x Z ﬁk+1pk+1( ) Prc+1(X);

k=0
n

= Z O 20 4 P+ a(2) Pr(X) — Z Oy 2 Pre v 2(1) Pre—2(X)
k=0

+ 10 3Pk a0 Pe (X)) = Y o oy i1 (8) pra(x);

k=0 k=0

o, x)= ), o o fry3Piss(t) prlx z U2 B Prc - 2(8) Pre—1(x)

k=0 k=0

+ Y 1 BrraPiso) Pr (X)) = Y o P 1 Pi1(1) prax)

k=0 k=0

n

+ Y 3B 1 Prrs(D) P(X) = Y o Br i Pr (1) Pro(X);

k=0 k=0
n

a4(t, x)= Z Uy 2 Vi 12 Pic+2(1) pr(X) + Z U 1 Vi1 Pt 1(8) Pre—1(X)

k=0 k=0

+ 3 B Brialiiot) pu(x) = Y, 0 oV i o(t) pilx)

k=0 k=0

— Y BiBraiPra(D) pr (X)) = Y o1 ¥k 1 Py i (1) P ()

k=0 k=0

as(t, x) = Z Uy 2B 2 Pic (1) pr(X) + Z U1 Brc 1Pl 8) Pre—1(X)

k=0 k=0

n

+ Z B 1 Vs 1 Pre1(t) pilx Z U2 Brc 1 Pic+2(1) Pres1(X)

k=0 k=0

- Z Bre 17 Pic(1) pr(x Z W1 Bic Pre - 1(2) pilX);

k=0 k=0

ag(t, x) = z 1 Br 1Pk —1(8) pilx z U2 B 1 Pic (1) iy o(X).

k=0 k=0
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Using Abel’s summation by parts and the initial conditions (2.3), it is not
difficult to show that the following formulas are valid

al(ts X) :O(';21+2|:pn(t) pn(x)_anrZ([) pn+2(x)]
72[a’ipn(t) pn(x) +ai+1pn+l(l) pn+1(x)]

n—1

_ﬂi+1p71+l(t) pn+l(x) +2 Z (O(i+2—0(]2() pk(l) pk(x)
k=0

+ 2 (Bro1—B2) pilt) pi(x);

01, X) =0, 2%, 4Py a(8) Pu(X) + 200, 10, 3P, 1 3(8) Py 1(X)
+a’n(x'n+2pn+2(t) pn—2(x);
03(t7 X) = (an+2ﬁn+3 +a;7+3ﬂn+l) pn+3(t) pn(x)

n—2
+2O‘n+1ﬁn+2pn+2(t) P 1(x)+ z [ak+2(ﬂk+3_ﬂk+1)
k=0

+ (2= %4 3) Bres1] Press(t) prlx);
0-4(t> X) :O(n+2(yn+2_yn) pn+2(t) pn(-x) +ﬁn+1ﬁn+2pn+2(t) pn(x)

n—1

+2 Z U 2(Vier2 = Vi) Pre+2(1) pil(X);

k=0

05(19 X) z(an+2ﬁn+2_2an+lﬁn) pn+l(l) pn(x)

_an+2ﬁn+1pn+2(l) p,,+](x)+2 Z [(“k+2_“k+1)ﬁk+2
k

=0

F+(Brsa—Bi) %11 Pry1(t) pi(x)

+ X B i —70) Pr (1) palx);
k=0

06(t7 X) = _an+2ﬁn+1pn+l(l) pn+2(x)_an+lﬂ;7pn(l) pn+l(x)
n—1

+ Z [ 4 o(Bryr—Br) + (02— 1) Bi] Pilt) Py 1(X).
k=0

The representation (2.7)—(2.9) follows from (2.10)—(2.12) and the last six
relations. Lemma 3 is completely proved.

Remark. For N=1 the representation of F,(¢, x) was given in [17, 18]
(see also [19] for N=2). Fejér’s kernel plays an important role in some
problems of summability of Fourier series in orthogonal polynomials [ 17, 18].

The following assertion can be inferred from Lemma 3, if we put = x.
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COROLLARY 1. [If Je AP,, then

n—1
2 z (0‘1%»+2 a’k)pl\ Z ,Bk+1 ﬁ/z()l’lz((x)
k=0 k=0
n—1
+2 ) oy o(Prsa—7r) Pi(X) Prya(x)
k=0
n—1
+3 ) (2 Burr— %1 i) Pr(X) pry1(X)
k=0

n—2

+ X (o Py s = 3P 1) Pa(X) iy a(x)

k=0
+ Y Bri(irr =) Pu(X) pr1(x) =G (x),
k=0

where

G(x) = (205 —a ) pa(x) + (a5 + B, 0) P (X) + o5, p5o(x)
= Oy 2%y aPu(X) Py a(X) =200, 106, 3D, 1(X) Puys(x)
= %% 2Py 2(X) P 2(X) = % 2V = V) Pu(X) Py o(X)
= PBui1BusaPu(X) Puio(X) =200, BrioPn—1(X) Puia(X)
= (0 2B sty 3B 1) PU(X) Py a(X)
+20, 21 P 1(X) Py o(X)
+ 3,1 By = %2 fn2) Pa(X) Py a(X), (2.13)
where a,, f3,, and vy, are defined by (2.4).
Remark. For N=1 formula (2.13) was obtained by J. Dombrowski [ 7].

3. TRACE FORMULA

If {p,} is a system of orthonormal polynomials, satisfying (1.1), (1.2),
then one can introduce the associated polynomials {p!"”’(x)} of order m
(meZ . ) by the shifted recurrence formula

(m)

xPi,m)(x) =an+m+1p£:74’r)l(x) +bn+mpfqm)( )+an+mpn71(x) (nGZ)
(3.1)

with boundary conditions

P =0, pi(x)=1. (32)
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We need the following result

LemMa 4 [11]. Assume that the Jacobi matrix J€ AP,. Then for every
continuous function f and for all integers k and j one has

lim [ /() Py (3) P i) dia(x)

n— oo

f Sfx Slgn[T( )]

/+1ak+l )
X[“/«+1‘1kj+jl+)1(x)+ j+1qjk+kl+)1(x)] dx, (3.3)
where
apy 1 g0 (%)= —ap, ¢S 0(x)  (k<0). (3.4)

The next assertion gives the weak type asymptotics.

LEMMA 5. Suppose that the Jacobi matrix Je AP,. Then for every
continuous function f and for all integers k one has

lim j F(X) Gy %) dia(x)

n— oo

:4a al)

ffx)IT(X)I = T7(x) dx

1 ,
= | 1 b5y

X/[(azﬂ+a2+1>2—(x—b2><x—b2+1>1x

dx. (3.5)

[(x—bg)(x—b,?+])—(a2+2—a2+1)2]

Proof. Using the definition of the class 4P, and (2.5), we have

1= lim [ () Goyya(6) dtx)

n— o0

lim j Slx {“2n+k+2p2n+k+2( )+2“2n+kpzn+k(x)

n— oo
_a2n+k+2p2n+k(x) +2a2n+k+1p2n+k+l(x)
— Ok +2%2m+ k44 P20+ k(X) Do g i+ a(X)

=205 4 k1% 1k +3P2n+ k—1(X) P2 i 3(X)

— 0oy k%ot k42 Pons ke —2(X) p2n+k+2(x)} du(x).
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By (1.5), (3.3), and (3.4)

P 0 0 2
I}C)=(akﬂak+2)

LJ Sf(x) Sign[ T"(x)]
dr Vg 1—T%x)

2 ] 4 2
x {0 g (%) +—5 ¢ P (x) +—5— g ()
ak+1 ay k+1
1

———[g¥ V(%) +¢%V(x)]
Ar 11 Ay

2 y
——5 [4§7(x) + 4“5 V(%)]

1
o L+ g )]

k+1

:(a2+1a2+2)zj S(x) Sign[T"(x)]
4r E I—TZ(X)

2 4 2
a0+ a0 + o g

Ar 41 ay k+1

1 (k+1) (k+3) 2 (k) (k+2)
——— L45 (x)—qi" " (x)]_aT[Q5 (x)—q (x)]

Aj 1 k

1
. [q‘;‘“<x>—qa"“><x)]}dx.
ak+1

Since (see [11])

q5"(x) =2T(x) ¢§"(x) — q{"(x) = [4T%(x) = 17 41" (x),

then

(2) _
1,7 =

(612+102+2)2j f(x) Sign[T'(x)]
4n E 1—T%x)

3 ’ 6 4
oot e+ a2+ gt )
ay 41

2 1 -
;qﬁ‘)(X)+ —at ”(X)}

1 2 1
AT | g+ g0 + gt | fa

k+1 k k+1
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It follows from the definition of the class AP, and (3.1), (3.2), that

1
g7 (x)=——(x=b,),  ¢{""V(x)=4{"(x).

m+1
So
2 1 2
(k+1) (k) (k—1) 0_ 70
— +— ———— (2x—b,—b
a2+141 ( ) a/? ql ( ) 1(3-¢—lq1 ( ) ak+1ak+2( o k+l)
and
3 6 4
4TI + 5 gt () + g P(x)
A1 k [
2 1 8
+5qVX) + g () = 2x b7 = b}, ).
ay k+1 al+1ak+2
Consequently,

2
1}(2)=;a2+1a2+2 Lf(x)(Zx—b,f—bgﬂ) Sign[ 7'(x)] /1 — T?(x) dx.

One can calculate the integrand. By (2.1) and (3.1) (for m =0) one obtains

1
2T(x) =——5— [(x =D (x = by ) — (ai, )* — (a3 0)°],

Ap 18k 12
2x — b2 —p°
’ _ k k+1
I'(x)=—F—"%5""
A 1% 42
1

I*TZ(X)Zm{[(agﬂ‘*agn)z (x—b))(x—b} . 1)]

< [(x=bR)(x—by ) —(ag . —ay )1}
Lemma 5 is completely proved.
COROLLARY 2. Assume that the recurrence coefficients {a, .} and {b,}

belong to the class AP, and that they satisfy (1.3). Then for every continuous
function f and for all integers k one has

lim j f(x) Gy 4(x) du(x Jf x? /1 —x?dx.

The main result is the following analog of Theorem 1.
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THEOREM 2. Let the Jacobi matrix J € AP, and the recursion coefficients
a,, b, satisfy

Z (lan+2_an|+|bn+2_bn|)<oo (36)
n=0

and

Z (|an+l_an| + |bn+1_bn|)(|en| + |en+1|)< o0, (37)
n=0

where e,=b,_,+b,—by—bY, lim,_,  e,=0. Then uniformly on every
closed subset of E,:=E\{T?*(x)=1} the Trace Formula

o0 R 1

2 Y L@ =) +5 (B = B2 pi)
n=0

+ Z [ﬂn+l(yn+l _yn) +3(a’n+2ﬁn+2_an+lﬂn)] pn(x) pn+l(x)

n=0

+2 Z “n+2(yn+2_yn) pn(x) pn+2(x)

n=0
+ Z (an+2ﬂn+3_an+3ﬁn+l) pn(x) pn+3(x)
n=0

Z; (a?ag)

T3] /1= T%(x)
w(x) '
holds, where a,,, §,, and vy, are defined by (2.4).

Recall, that in our case, the measure u is absolutely continuous in E,,
and u'(x) =w(x) is strictly positive and continuous on E, (see [11]).

Proof of Theorem 2. We adapt the methods of [11] to the present

situation. It is not difficult to see that from (2.4), (3.6), and (3.7) one
obtains

Y Lo =l + 18 = Bal + 1B (s — )]
=0

+ |an+2ﬂn+2_an+lﬁn| + |<xn+2(yn+2_yn)|

+ |O(n+2ﬁ}7+3_an+3ﬁn+l |] < 0.
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So, the series on the left side of our assertion converges uniformly on the
closed subset K from E,. If we denote its sum by y/(x), then

lim G,(x)=y(x)

n— oo

uniformly on K; consequently, for every continuous function f and for all
integers k one has

lim [ f(x) Go () ) = [ f(x) () w(x) dx.

n— w vE E

On the other hand, using periodicity of {a_ ,} and {b°}, and by Lemma 5
one obtains

tim [ 1(06) Gy a(0x) ) d = (@a)? |00 1700 /T—T00) de
This means that for x € E,
W) W) = - (@ad)? 1T /1= T()

from which the Trace Formula follows, if we use the end of the proof of
Lemma 5. This completes the proof of Theorem 2.

COROLLARY 3. If the recurrence coefficients satisfy

. 1 <
lim a,==, Z |an+2—a,,|<oo, bn:() (HEZ_,_),
n=0

n— oo 2

then the Trace Formula

oo}
Z (a;27+1a;27+27aﬁ—1ai) pi(x)
n=0
©

+ Z an+lan+2(ai+3 +ai+2_ai+l _ai) pn(x) pn+2(x)
n=0

zlxzﬂ/l —x?

n w(x)

holds uniformly on every compact subset of E,.
In fact, in this case

O =dy, 14y, ﬂn:Oa yn:a;21+a;21+l_(a(l))2_(ag)z'
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Remarks. 1. In view of the assumption on the recurrence coefficients
the relation £,=(—1, 1) holds, and Corollary 3 gives a Trace Formula for
the single interval case.

2. Another Trace Formula is obtained in [11, 23].

4. EXAMPLES

1. The sieved Pollaczek polynomials.

(a) The symmetric sieved Pollaczek polynomials [12]. Let { C(x; a; 2)
(a>0,4>0)} be the symmetric sieved Pollaczek polynomials of the first
kind. Then

Cilx;a;2)=1,

2
(ﬁWAu%=x(;ax
1 1
xCh (s a;2)==Ch, H(xa;2) += Ch (x5 a3 2),

2 2

1 n+2)
" 2n+a+i

5 n
Cc?

1 ~
(X5 a3 2) + 5 Cs,_(x;a;2).

A 2
XCo,(x;a:2) 2n4a+ 4

If { C/(x; a;2)} is the corresponding orthonormal system, then

, (24 12 .
Cix; a;2) = {” ( )22“1} A2 CHx; a3 2)
a+ i
with
n!(a+41) n!(a+2)
i2n:—ns Lon+1= A0
(n+a+4)(24), (24) 041
where, as usual,
I'n+a
(a,) =L
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We have
xCi,, (xa;2) =% % Ci, o a;2)
+% /% Ch(x;a;2)
Cman =y [P a2
+% /ﬁ Ch\(xia:2).
So

1 n 1 n+24
= \nsva+i> ' Toantat i’ " (4.0)

From (4.1) one easily finds

1

Aoy — Uy 41 %C*,
n

which means that (1.4) does not hold and hence that Theorem 1 cannot be
applied. On the other hand,

1 1
a2()7+1)_a2n:0<nz 5 Ay — 0oy 3=0 ; s

which means that Corollary 3 can be applied. Note that when ¢ =0 then
CH(x;a;2)s reduce to the Ci(x;2)s of Al-Salam et al. [1], for which
Theorem 1 cannot be applied, and Corollary 3 can be applied.

(b) The nonsymmetric sieved Pollaczek polynomials ([4]; see also
[16]). Given a, b, ¢, A€ R, we define the 2-sieved 4-parameter Pollaczek
polynomials as the characteristic polynomials associated with Jacobi
matrix J(2; a, b, ¢; 1), where

Anlen Cn

a, = 5 bn: (n:l’ 2, )
anan

Here

A2n2n+c+2i’ A2n+]:1> Banz(n+a+c+A‘)7 BZ}1+1:2’
C,,= —2b, Cy, 01 =0, D,,=n+c+21—1, D,, . =1
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For the 4-parameter Pollaczek polynomials see Chihara’s book [5, p. 1857,
whereas for the sieving process see the works [1, 4, 12]. The recurrence
coefficients associated with the above orthogonal polynomials

1 m+c+24—1 1 n+c+24
a,, == _— a = — _—
TN n+a+e+ A o n+a+ce+ A’
b

—— bayyr =0
n+a+c+A il

2n =

are not bounded variation, but it is not difficult to see that the conditions
of (3.6) and (3.7) of Theorem 2 are satisfied.

2. Orthonormal polynomial system defined by the recurrence relation
(1.1) with

1 (—1)"R 1
(4.2)

where D and R are constants independent of n, satisfy conditions (3.6) and
(3.7).

3. Polynomials orthogonal on two intervals [2, 3, 6, 20]. Denote
E.=[—1, —=¢JuU[¢& 1] (0<e<l).

(a) Let

1=
wo(x) = /zti ,1+jc (xeE;).

In the paper [ 3] the polynomials

A

Pl E) =k x4 -, k,>0 (neZ,;xekE;)

were introduced; they are orthonormal with respect to the weight wy(x)
on E..
They satisfy the following three-term recurrence relation

an+lﬁn+l(x;é)_(x+bn) ﬁn(X; £)+anﬁn71(x;é):0
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with

Obviously, the conditions of Theorem 2 are satisfied.

(b) Denote
2 prd 2 2\p 2
<l_éz> (¥ a)(x = €27 (1= x2)7
for —1<x<-¢
w'p: q)(x): 2 P+q s 5 5
() era - a -y

for £{<x<l1
0 for x¢E;,
where p> —1, g> —1, —¢{<a<i

Let {p»?(x)} (neZ ) be an orthogonal polynomial system on E. with
respect to the weight w7 9(x), where the leading coefficients of p'/7(x)
are equal to 1. In [2] G. 1. Barkov has shown that

2\ n » + ¢ 2 2
s =155 (2m) e (B,
2 1-¢ 1-¢&

p(p q)(x) p(zfjf)z(x)—mznp(zﬁ q)(x)
2n+1 x+a

>

P (w)
2
@)

where I'7-9(x) are Jacobi polynomials with leading coefficient 1 orthogonal
with respect to the weight (1 + x)” (1 —x)? (—1<x<1). The corresponding
orthonormal polynomials { p{”"*} can be represented in the form

ﬁ(ﬁ ")(x) =(1 _52)7(2n+1)/2 2—(p+a)2

nI'n+p+1)I(n+q+1)IM(n+p+qg+1)]" ()
I'Cn+p+q+1)I2n+p+q+2) 2
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and
ﬁ(zﬁ’f)l(x) — (1 _ 62)7(2n+1)/2 2—(p+q)2

M In+p+ ) In+q+1)I(n+p+q+1)]"°
I'Cn+p+q+1)I'2n+p+qg+2)

—1/2 ,
X [ —myp, 172 pl (),
and satisfy the following recurrence relation
XPPO6) = a0 + DO B0 + a0 ()

(nez.,)

apo - 1=€ { (n+Dnt+p+Dn+g+)ntp+g+1) }W
M2 Sy, (i p g+ )20+ p+q+2)° 2n+p+g+3))

b =(—1)"a.

It is not difficult to see that the corresponding Jacobi matrix belongs to the
class AP,.

In the case a= +¢, ie., w(x)=|x+&| (x> =E3)P (1 —x2)7 (2/(1 —E?))r+e
one obtains

a(zﬁ’f)z=ﬂ{( (n+g+1)(n+1) )}1/2

2n+p+q+3)2n+p+qg+2

m+p+q+Um+p+l))yﬁ 43)

() — /1 _¢g2
A3 +1 < {(2n+p+q+1)(2n+p+q+2
b,=(—1)"¢

These sequences of recurrence coefficients do not satisfy (1.4), but they
satisfy the conditions of Theorem 2.

In particular, in the case a =¢ =0, ie., w(x)=|x|??"' (1 —x?)? we have
the generalized Chebychev polynomials, for which [13, 15] (see (4.2)
with p=1):

1 1
a;p*‘”=+cf’*‘f'<—1)"+0<z>, b,=0.
2 n n
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